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Non-Gaussian velocity distributions in excited granular matter in the absence of clustering

A. Kudrolli* and J. Henry
Department of Physics, Clark University, Worcester, Massachusetts 01610

~Received 18 January 2000!

The velocity distribution of spheres rolling on a slightly tilted rectangular two-dimensional surface is ob-
tained by high speed imaging. The particles are excited by periodic forcing of one of the side walls. Our data
suggests that strongly non-Gaussian velocity distributions can occur in dilute granular materials even in the
absence of significant density correlations or clustering. When the surface on which the particles roll is tilted
further to introduce stronger gravitation, the collision frequency with the driving wall increases and the
velocity component distributions approach Gaussian distributions of different widths.

PACS number~s!: 81.05.Rm, 05.20.Dd, 45.05.1x
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Recent simulations and experiments have shown
clusters are formed due to inelastic collisions in exci
granular matter@1–5#. The formation of clusters was show
to lead to non-Gaussian velocity distributions. Here we
port that even in the absence of cluster formation or sign
cant density correlations, dissipation leads to strongly n
Gaussian velocity distributions.

The statistical description of dissipative systems such
granular flows are of fundamental interest. Because ther
energies are irrelevant, the concept of ‘‘granular tempe
ture’’ has been introduced based on the velocity fluctuati
of particles. A dissipative kinetic theory has been develop
to describe rapid granular flows@6#. In this theory, velocity
distributions are assumed to be locally Gaussian. Deviat
from Maxwell-Boltzmann are explained by averaging ov
local Gaussian velocity distributions with different width
which are inversely related to the local clustering@7#. Given
the success of this local Gaussian distribution assumpt
we might conclude that the velocity distributions can be c
sidered to be approximately Gaussian for most practical s
ations where clustering does not occur. Non-gaussian ve
ity distributions in the absence of density correlations ha
been observed in vertically vibrated monolayer which is c
strained to nearly two dimensions with a lid@8#. However,
the role of particle collisions with the lid on the observ
distributions was unclear as vertical velocity was not
cessed.

In this Rapid Communication, we study the velocity d
tributions of steel spheres rolling inside a two-dimensio
box for which energy is supplied to the particles by oscill
ing one of the side walls. A similar system has been u
previously to demonstrate the formation of clusters at h
densities due to inelastic collisions@4#. However, at low den-
sities corresponding to longer mean free paths and lo
collision rates, the particles appear to be randomly dist
uted and no clustering is observed. We use high speed
high resolution imaging to obtain accurate velocity distrib
tions. Because one of the sides of the rectangular geome
used to input energy and the particle-particle and parti
wall interactions are dissipative, the velocity distribution
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asymmetrical. An obvious consequence is that the velo
fluctuations in the direction parallel to the driving wall mo
tion is greater than in the perpendicular direction. We fi
that the velocity distribution isstrongly non-Gaussian eve
in the direction perpendicular to the motion of the oscillatin
wall. By varying the frequencyf and the angle of inclination
u of the surface, we show that non-Gaussian velocity dis
butions can occur when the collision rate due to dissipa
interactions is greater than the particle-driving wall collisi
rate.

The experimental setup consists of one hundred 0.32
diameter steel~or brass! spheres rolling on an optically
smooth glass surface~29.5 cm324.7 cm) which is enclosed
by steel side walls. The setup is similar to that in Ref.@4#
with a few enhancements. The coefficient of rolling frictio
of the spheres on the glass plate is less than 231023. In
contrast, the coefficient of sliding friction is;0.2. The par-
ticles are visualized using a SR-1000 Kodak digital cam
capable of taking 1000 frames per second~fps!. The camera
and lights are placed such that the centers of the sph
appear bright. The best pixel resolution of 5123480 can be
obtained at 250 fps, which was used for most of the d
presented here. A typical image is shown in Fig. 1~a!. The
particles correspond to;4 pixels in diameter and a centroi
technique was used to find the position of the particle
within 0.01 cm. The particles with the highest velocities we
determined by using images separated by 4 ms, and the
locity of the slowest particles were determined by using i
ages separated by at least 12 ms. The positions of the
moving particles do not change appreciably in comparison
the pixel size if a very high frame rate is used, resulting
substantial roundoff errors. We note that a combination
both high resolution and high frame rate is required to obt
accurate velocities.

The driving wall is connected to a linear solenoid which
controlled by a computer, and the resulting motion of t
piston is measured with a displacement sensor. The displ
ment of the piston as a function of time,d(t), for three
typical driving frequencies is plotted in Fig. 1~b!. A square
waveform of fixed amplitude~4 V! and various frequencie
is used to obtain the displacements.

By averaging over at least 105 images, we obtain velocity
distributions of the particles rolling inside the rectangu
box. The distributions of the velocity components,P(vx)
d-
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and P(vy), are plotted in Figs. 2~a! and 2~b!, respectively.
The directionsx and y and the origin are indicated in Fig
1~a!. The surface is slightly tilted (u50.1°) to continously
excite the particles. Particles that are less than 2 cm from
side walls are excluded to avoid direct effects of the bou
aries. We checked that if a narrow region iny is used, the
form of the velocity distributions is independent ofy. The
plots in Fig. 2 correspond to various driving frequenci
Note that the form ofP(vx) and P(vy) does not depend
strongly on the driving frequencyf. The distributionP(vx) is
symmetrical aboutvx50, but is strongly non-Gaussian a
can be seen from the poor fit to a Gaussian which is a
shown in Fig. 2~a!.

The distribution P(vy) shown in Fig. 2~b! is non-
Gaussian and asymmetrical. The reason for the asymmet
not difficult to understand. The energy is supplied to t
system by the driving wall. Therefore, particles move w
higher velocities in the negative-y direction~indicated by the
bump atvy;235 cm/s!. The second more subtle reason f
the asymmetry is that the particles suffer an inelastic co
sion either with the wall opposite to the driving wall or wit
other particles before moving in the positivey direction.
Therefore, particles on average move with lower velocities
the1y direction than in the2y direction. Consequently, th
particles also spend a longer time interval traveling in
1y direction than in the2y direction. Thus, asymmetrica
vy distributions are obtained by averaging over time. Su
effects were also observed in the distributions obtained
merically by Ludinget al. @9#. The form of P(vx) is rela-

FIG. 1. ~a! Image of 100 steel spheres rolling on a glass surfa
The surface is tilted at angleu to the horizontal (u50.1°). ~b!
Example of driving wall displacementd(t) measured using a pos
tion sensor for frequenciesf 52, 10, and 16 Hz. The displacemen
for the three cases are offset by 1 cm for clarity. The wall is driv
using a linear solenoid.
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tively independent of the energy input, and therefore its n
Gaussian behavior is surprising.

In Fig. 3~a!, we plotP(n), the distributions of the numbe
of particlesn, in a 3 cm33 cm area averaged over the bo
and over all images. For comparison, the distribution of r
domly distributed particles is also shown~dashed curve!.
This distribution was obtained numerically from an ensem
of 100 particle positions which are separated by at leas
particle diameter generated using a random number a
rithm. Our data forP(n) is similar to the randomly distrib-
uted case for finite sized particles in a finite container with
small deviation at highern. Because of the dilute nature o
our experiments~the packing fraction is less than 4%,! no
effects of clustering are observed as reported in Ref.@4#. In
Fig. 3~b!, the radial density distribution functiong(q) is
plotted as a function the distance normalized by the part
diameterq. g(q) does not show oscillations that would ind
cate clustering and packing. The data does show a sl
enhancement atq;1, but the small deviations are not ob
served to have significant effect onP(vx), shown in Fig.
2~a!.

The effect of gravity and the collision rate with the driv
ing wall is studied by lifting the surface on which the pa
ticles roll by the tilt angleu. Thevx andvy distributions are
plotted in Fig. 4 corresponding to four values ofu. The den-
sity distributionP(n) is no longer uniform iny as in theu
50.1° case, but decreases strongly with distance from
driving wall. ~At the highest angleu56.7°, the particles do
not reach the top wall.! The velocity distributions correspon
to particles in a 2 cm wide region at a distancey54 cm
from the driving wall to avoid the effects of the increase

.

n

FIG. 2. The probability distribution of velocity componentsvx

and vy (u50.1°). The velocity distributions are strongly non
Gaussian. Note the peak atvy5235 cm s-2 due to the driving wall.
The corresponding driving wall displacementd(t) vs time is shown
in Fig. 1~b!.



o

th

p-
n
at

in

d
er

a
es
ge
all
u

th
e
r
tio
n-
a
in
av

. 2
of

the
t
-

s.
ad

ing

es
n
the
of

ac-

a

m-
re
he
par-

a

-

s

RAPID COMMUNICATIONS

PRE 62 R1491NON-GAUSSIAN VELOCITY DISTRIBUTIONS IN . . .
potential energy and the decrease in the averagevy at higher
u. The distributionsP(vx) and P(vy) grow broader asu
increases. A Gaussian fit to the data corresponding tu
56.7° is shown in Fig. 4. The data forP(vx) is reasonably
described by a Gaussian especially at lowvx . However,
P(vy) deviates systematically from Gaussian because of
asymmetry. Furthermore, the width ofP(vy) is large com-
pared to the width ofP(vx) because energy is mostly su
plied to thex component in an inelastic collision, consiste
with earlier observations of vertically vibrated granular m
ter @11#. We further note thatP(vx) averaged over ally is
non-Gaussian foru56.7° because of the slight increase
the widths of the Gaussians as a function ofy. This might
also be the reason for deviations from Gaussian observe
velocity distributions of vertically vibrated monolayer lay
of particles@12#.

As u increases, the acceleration in they direction in-
creases. Therefore, the particles fall back to the driving w
faster asu is increased. This results in higher collision rat
of particles with the driving wall leading to higher avera
velocities. Thus, as the collision rate with the driving w
increases, the distributions become broader and more Ga
ian. Furthermore, the total number of inelastic collisions
particles undergo before returning to the driving wall d
creases because fewer particles hit the top wall at higheu.

We note that there is no discrepancy with the observa
of the broadening of the velocity distributions with an i
crease inu and the data plotted in Fig. 2. It might appear th
changing the frequency of the driving piston should also
crease the collision rate with the bottom wall and hence h

FIG. 3. ~a! The distribution of particlesP(n) in a 3 cm3 3 cm
area. The distribution corresponding to randomly distributed p
ticles is also plotted.~b! The radial correlation functiong(q) as a
function of distance normalized by the particle diameterq. No sig-
nificant correlation in the distribution is observed.
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the same effect. However, the distributions plotted in Fig
do not depend strongly on the driving frequency. The lack
the strong dependence ofP(vx) andP(vy) on f in Fig. 2 can
be explained by the fact that fewer particles are struck by
forward moving wall at higherf. Thus, the net energy inpu
~and collision rate with the bottom wall! appears to not de
pend strongly onf.

Next we discuss the effect of rolling on the distribution
In a previous study, it was noted that rolling appears to le
to a lower effective coefficient of restitutionr during colli-
sions @4#. Some theoretical work has been done study
rolling and collisions@10#. In Fig. 5~a!, we plot ther as a
function of scattering anglef of a rolling steel sphere on a
glass surface colliding with steel boundary walls.f corre-
sponds to the angle which the final velocity vector mak
with the initial velocity vector. The coefficient of restitutio
is calculated as the square root of the ratio of the final to
initial kinetic energy. The data is distributed over a range
r which becomes smaller for higherf. The large fluctuations
are not related to measurement noise, nor can they be
counted for by variations in the initial velocity@see Fig.
5~b!#.

The mean value ofr depends onf and is lower for higher
f @indicated by the dashed line in Fig. 5~a!#. The mean value
of r during a wall collision averaged over allf was 0.5
60.02. In contrast the average loss of energy during
particle-particle collision was lower and the meanr was
found to be 0.65 by averaging over 20 collisions. In co
parison, the coefficient of restitution of the steel sphe
bouncing off a steel block after being dropped is 0.93. T
larger losses in kinetic energy occur mostly because the

r-

FIG. 4. ~a! and ~b! Velocity component distributions as a func
tion of inclination angleu ( f 510 Hz). All particles are in a 2 cm
wide region at a distancey516 cm from the top wall. Thevx and
vy distributions approach Gaussians asu is increased. The curve
are a Gaussian fit foru56.7°.
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ticles slide as their angular velocity changes to match th
new translational velocity. The change in angular veloc
was observed to occur within a centimeter even at the h
est velocities observed. It may be possible to approxima
model the complications due to rolling by simply assumin
lower value ofr. However, an event-driven simulation usin
only a loss of kinetic energy in the normal direction does
produce non-Gaussian distributions invx , but yields asym-
metric distributions forvy @13#. The subtle effects introduce

FIG. 5. ~a! Effective coefficient of restitutionr versus scattering
angle f for a rolling particle colliding off the side walls. The
dashed line is a least squares fit to the data.~b! The plot ofr versus
initial velocity v for 170<f<180 fluctuates significantly.
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by rolling may help us understand the effect of higher dis
pation on velocity distributions.

Limited experiments were also performed with bra
spheres. The distributions obtained were identical to th
corresponding to steel spheres under the same condit
Thus, the velocity distributions obtained are not very sen
tive to the details of the surface properties of the sphere

The distribution of the speed of the particles is a com
nation of the non-Gaussian or approximately Gaussian ve
ity distributions of different widths~such as in Figs. 2 and 4!
and deviates from the Maxwell-Boltzmann form. Subtle e
fects on the velocity distributions such as the scaling of
temperature~the second moment of the distributions! in the
near elastic limit has been studied theoretically by Kuma
@14#, Grossmanet al. @15#, and experimentally by Warr and
Huntley @11#. However, the deviations observed in our e
periments are stronger as the loss of energy during a c
sion is significant compared to the energy of the partic
Therefore scaling around the Maxwell-Boltzmann distrib
tions as discussed in Refs.@11,14,15# for r &1 cannot be
applied to our data.

In conclusion, our experiments on excited dissipat
granular matter rolling and bouncing inside a rectangular b
have yielded velocity distributions that are strongly no
Gaussian in the absence of significant clustering and den
correlations. Our data suggests that caution has to be us
assuming Gaussian velocity distribution and Maxwe
Boltzmann distributions even for rapid granular flows whe
position correlations are negligible.
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